We propose a superconducting circuit that shows a super-radiant phase transition (SRPT) in the thermal equilibrium. The existence of the SRPT is confirmed analytically in the limit of an infinite number of artificial atoms. We also perform numerical diagonalization of the Hamiltonian with a finite number of atoms and observe an asymptotic behavior approaching the infinite limit as the number of atoms increases. The SRPT can also be interpreted intuitively in a classical analysis.
In a variety of studies involving the light-matter interaction, realization of a super-radiant phase transition (SRPT) still remains a challenging subject. It means a spontaneous appearance of coherence amplitude of transverse electromagnetic fields due to the light-matter interaction in the thermal equilibrium. While the laser also shows the spontaneous coherence, it is generated by population-inverted matters, i.e., in a non-equilibrium situation. The SRPT was first proposed theoretically around 1970 [1] [2] [3] , but afterward its absence in the thermal equilibrium was pointed out based on the socalled A 2 term [4] [5] [6] [7] and more generally on the minimalcoupling Hamiltonian [8, 9] . A SRPT analogue in nonequilibrium situation was proposed theoretically [10] and was observed experimentally in cold atoms driven by laser light [11, 12] . Realizing a thermal-equilibrium SRPT and comparing it with the non-equilibrium SRPT (including laser) are fundamental subjects bridging the statistical physics (thermodynamics), established in equilibrium situations, and the electrodynamics (light-matter interaction), long discussed mostly in non-equilibrium situations. However, the SRPT has not yet been realized in the thermal equilibrium since the first proposal [1] [2] [3] .
While the atomic systems are basically described by the minimal-coupling Hamiltonian [8, 9] , there are a large number of degrees of freedom in designing the Hamiltonians of superconducting circuits, where the existence of the SRPT is still under debate [13] [14] [15] [16] . In this Letter, we propose the superconducting circuit depicted in Fig. 1 . We derive the Hamiltonian of this circuit by the standard quantization procedure [17] as in the recent work which showed the absence of SRPT in a different circuit structure [16] . We examine its existence in our circuit by using the semi-classical approach [3, 8, 9, 18, 19] , which is known to be justified in the thermodynamic limit (with an infinite number of atoms), as well as by straightfor- * E-mail: bamba@qi.mp.es.osaka-u.ac.jp wardly diagonalizing the Hamiltonian with a finite number of atoms.
The circuit shown in Fig. 1 has a LC resonator with capacitance C R and inductance L R , coupled to N parallel branches containing a Josephson junction. Each junction has Josephson energy E J and shunt capacitance C J and is connected to the LC resonator through inductance L g individually. This configuration is distinct from the conventional inductive [16, 20] and capacitive couplings [16] , where the existence of the SRPT was proposed [13, 15] but was denied afterward [14, 16] . However, the no-go result was shown only for such specific configurations [14, 16] and is not applied to ours. We first explain why the SRPT occurs in our circuit by analyzing the form of the Hamiltonian.
We apply a static external flux bias Φ ext = Φ 0 /2 in the loop between the resonator and the junctions, where Φ 0 = h/(2e) is the flux quantum. Alternatively, we can remove the external field and replace the Josephson junctions with π junctions which have an inverted energyphase relation [21] . We define the ground and the branch fluxes φ and {ψ j } (j = 1, . . . , N ) as in Fig. 1 . According to the flux-based procedure [17] , the Hamiltonian is derived straightforwardly and quantized aŝ
(1) Here,q and {ρ j } are the conjugate momenta ofφ and 
Let us first understand intuitively the SRPT in our circuit by a classical analysis. The inductive energy in Eq. (1) is extracted as
(2) The energy minima correspond to the ground state in the classical physics. While the parabolic terms φ 2 /(2L R ) and (ψ j − φ) 2 /(2L g ) are minimized at φ = ψ j = 0, the anharmonic term E J cos(2πψ j /Φ 0 ) is minimized at ψ j = ±Φ 0 /2. This is owing to the external flux bias Φ ext = Φ 0 /2; the sign of the last term in Eqs. (1) and (2) is positive, because the phase difference across the Josephson junction is given by π − 2π(ψ j /Φ 0 ) due to the flux quantization in each loop consisting of L R , L g , and the junction. This competition between the parabolic and anharmonic inductive energies is the trick for realizing the SRPT.
For simplifying the following discussion, we define an inductance
which is obtained from ∂U/∂φ = 0. Since the SRPT is basically discussed in the thermodynamic limit N → ∞, we scale the inductance of the LC resonator by the number N of junctions as
where L R0 is N -independent inductance. Then, the inductive energy U/N per junction becomes independent of N . In Fig. 2 , we plot U/(N E J ) as a function of 2πφ/Φ 0 under the condition of
The five curves in Fig. 2 are the results for different L R0 under a fixed L g of 0.6L J . The inductive energy U is minimized
4L J , since the parabolic terms dominate. In contrast, the anharmonic term dominates when L R0 satisfies
Then, U is minimized at the two points with non-zero fluxes φ = ±φ 0 . In the quantum theory, the real ground state is a superposition of the two minimum points (conceptually speaking, |g = |φ0 +|−φ0 √ 2
) and the expectation values of the fluxes are zero g|φ|g = g|ψ j |g = 0 for finite N . However, the thermodynamic limit N → ∞ justifies the classical approach, since the height of the potential barrier in the whole system is proportional to N . Then, in this limit, we find a spontaneous appearance of coherence (symmetry breaking), i.e., non-zero φ = ±φ 0 and ψ j = ±(1 + L g /L R0 )φ 0 appear in the circuit. This transition from φ = 0 to ±φ 0 by changing L R0 corresponds to the SRPT in the sense of the quantum phase transition [22, 23] as discussed below in a quantum analysis. Let us compare Eq. (1) with the minimal-coupling Hamiltonian (under the long-wavelength approximation as discussed in Ref. [8] )
Here,Ĥ em represents the energy of the transverse electromagnetic fields described by the vector potentialÂ and its conjugate momentum. The second and the last terms are, respectively, the kinetic and the Coulomb interaction energies of particles with mass m, charge e, and momentum {p j } at position {x j }. The kinetic energy (p j − eÂ) 2 /(2m) corresponds to the inductive one
(1). In this way,ψ j and φ correspond top j andÂ, respectively, and thenρ j corresponds tox j . The no-go theorem of the SRPT in the minimal-coupling Hamiltonian relies on the fact that the mixing term (p j − eÂ) 2 /(2m) and the anharmonic term V ({x j }) are, respectively, described byp j andx j [8, 9] . In contrast, in our Hamiltonian, Eq. (1), both the mixing (ψ j −φ) 2 /(2L g ) and the anharmonicity E J cos(2πψ j /Φ 0 ) are described byψ j . This is the essence for avoiding the no-go theorem [8, 9] and also for the transition discussed in the above classical analysis. In the Supplemental Material [24] , we also explain how we avoid the no-go results based on the A 2 term [4] [5] [6] [7] and on the P 2 one [25, 26] . The latter corresponds to the direct qubit-qubit interaction discussed recently in Ref. [16] .
By decomposing
we obtain Nφ 2 /(2L g ). This corresponds to the A 2 term [4, 5] (sinceφ corresponds toÂ) and renormalizes the frequency of the LC resonator as
Here, in order to make ω c independent of N , in addition to the scaling of L R in Eq. (3), we also scale the capacitance C R as
where C R0 is N -independent capacitance. Introducing an annihilation operatorâ ≡φ/ √ 2 Z c +iq Z c /(2 ), where
Here, the Hamiltonian involving the j-th junction iŝ
Although we cannot obtainĤ atom j by simply extracting a part of elements from the circuit in Fig. 1 , this anharmonic oscillator described byψ j andρ j is formally considered to be our "atom". The first term in Eq. (7) is the Hamiltonian of our "photons", which is described bŷ φ andq orâ, renormalized by the A 2 term. The second term in Eq. (7) is our "photon-atom interaction". In the following, we discuss the SRPT in terms of these photons and atoms in relationship to the past discussions on the Dicke model [1-3, 13, 15, 22, 23] .
In contrast to the two-level atoms considered in the Dicke model, our atoms have weakly-nonlinear bosonic transitions (we explain in detail the parameters used in the following calculations in the Supplemental Material [24] ). In Fig. 3(b) , the solid curve represents the atomic wavefunction at each atomic level, which are calculated fromĤ atom j in Eq. (8) . The dashed curve represents the inductive energy as a function of 2πψ j /Φ 0 . In this Letter, we basically consider the case L J > L g = 0.6L J . Then, since the anharmonic energy E J cos(2πψ j /Φ 0 ) is smaller than the parabolic one ψ j 2 /(2L g ), as seen in Fig. 3 (b), the inductive energy in each atom is minimized at ψ j = 0, and the nonlinearity is only about 3%.
Here, we tentatively neglect the anharmonicity as
and assume that the transitions in each atom are described approximately by bosonic annihilation operatorb
Here, ω a = (1/L g − 1/L J )/C J is the atomic transition frequency, and the interaction strength g is expressed as
Two transition frequencies ω ± of the bosonized Hamiltonian in Eq. (9) are obtained easily by the Bogoliubov transformation [27, 28] as
Note that ω c , ω a , g, and ω ± are not scaled with N by the scaling of L R and C R in Eqs. (3) and (6), respectively. The expression in Eq. (10) is exactly the same as the one derived in the Holstein-Primakoff approach for the Dicke model [22, 23] . When ω − becomes imaginary, the normal ground state (showing g|â|g = g|φ|g = 0) becomes unstable. However, it is an artifact due to the neglect of the anharmonicity in Eq. (9) . As found in the classical analysis in Fig. 2 , the real ground state appears at an inductive energy minimum with φ = ±φ 0 (super-radiant ground state with a photonic amplitude of g|â|g ≃ ±φ 0 / √ 2 Z c ) in the presence of the anharmonicity [6, 7, 22, 23, 29] . Equation (10) suggests that the super-radiant ground state appears for 4g 2 > ω c ω a , which gives exactly the same condition as Eq. (4) obtained by the classical approach. While these conditions are certainly satisfied in our circuit, we will obtain a more rigorous condition of the SRPT in the following semiclassical analysis.
The above classical and bosonic quantum analyses imply the SRPT in the sense of the quantum phase transition, i.e., in the limit of T → 0. On the other hand, the thermodynamic properties at a finite temperature T is analyzed by the partition function Z(T ) = Tr[e −Ĥ/k B T ]. Since we have only one photonic mode in our system, in the thermodynamic limit N → ∞, the trace over the photonic states can be replaced by the integral over the coherent state [3, 8, 9, 18, 19] (see also the Supplemental Material [24] ) as
Here, α ∈ C is the amplitude of the coherent state |α givingâ|α = α|α . The atomic partition function
is defined with an effective Hamiltonian for a given α aŝ
where the flux amplitude is expressed as
, where the action is expressed as
Since the photon-atom interaction is mediated by φ(α) in Eq. (12) , the minimum action is obtained for α ∈ R. Then, the photonic amplitude α eq in the thermal equilibrium at T is determined by dS(α, T )/dα = 0, which is rewritten as
where φ eq = φ(α eq ) is the flux amplitude.
In Fig. 3(a) , the normalized photonic amplitude α eq / √ N calculated by Eq. (13) 2 /E J = 0.75 nH, and the connecting inductance L g = 0.6L J = 0.45 nH. At T = 0, the non-zero photonic amplitude α eq appears for L R0 > L crit R0 ≃ 0.34 nH, which roughly agrees with the classical result L J − L g = 0.30 nH in Eq. (4). The deviation is due to the quantum treatment of atoms in Eq. (13) . The photonic flux φ eq roughly agrees with φ 0 giving the minimum of the inductive energy U in Eq. (2) in the classical analysis. The non-zero α eq and φ eq appear even at finite temperatures, and the critical temperature T c increases with increasing L R0 . This is the main evidence of the thermal-equilibrium SRPT in our circuit, which is obtained in the thermodynamic limit N → ∞.
The transition frequencies, which are experimentally observable, are obtained by quantizing the fluctuation around the equilibrium value φ eq determined by Eq. (13) . A similar analysis has been performed in Refs. [22, 23] for the Dicke Hamiltonian. The atomic flux at T = 0 is determined as the expectation value ψ eq = ψ j eff g in the ground state of the effective HamiltonianĤ eff j (α eq ). The original Hamiltonian in Eq. (1) is expanded with respect to the fluctuations δφ =φ − φ eq and δψ j =ψ j − ψ eq up to O(δψ j 2 ) [24] aŝ
Here,
2 /Ẽ J are modified by the quantum treatment of atoms even before the SRPT. The zero-point energy shift per atom is
This shift δε/h is plotted as the dashed curve in Fig. 3(c) .
After the appearance of non-zero amplitudes φ eq and ψ eq , the zero-point energy is decreased by the light-matter interaction.
The transition frequenciesω ± are calculated also from Eq. (10) but with replacing ω a and g byω
.ω a , ω c , andg are plotted in Fig. 3(d) . Wheng reaches the critical value √ω a ω c /2 plotted by the dotted line, the SRPT occurs. Compared with the simple condition 4g 2 > ω c ω a (giving the critical inductance L J − L g = 0.30 nH) obtained from Eq. (9) under the bosonic approximation, the deviation is due to the consideration of the anharmonicity in Eq. (14) . The lower transition frequencyω − is plotted by the dashed line in Fig. 3(e) . It never becomes imaginary value but shows a cusp at L crit R0 . In contrast to the Dicke model [22, 23] ,ω − does not become zero even at L crit R0 in our system. It is due to the presence of multiple atomic levels with anharmonicity (our atom cannot be equivalent with the two-level limit since L J > L g is required). On the other hand, in the limit of negligible anharmonicity (L J ≫ L g ), the SRPT condition in Eq. (4) is justified, andω − drops to zero at L crit R0 . Here, we note that, in the limit of L g → 0, we definitively get ψ j = φ as seen in Eq. (1) or in the circuit of Fig. 1 , while the transition in Fig. 2 itself occurs in the classical approach. We also get ω a , g → ∞, while 4g 2 > ω c ω a is reduced to L R0 > L J , and the transition still remains. However, in order to distinguish the photons and atoms and to discuss the SRPT, we need a finite L g . Especially, as far as we checked numerically, L R0 , L J , and L g are desired to be in the same order to observe a sharp drop of the transition frequency for finite N as we will see in the following.
In addition to the above semi-classical approach justified in the thermodynamic limit N → ∞, we also diagonalize numerically the original Hamiltonian in Eq. (7) for N = 1, 2, . . . , 5 in order to predict the tendency to be observed in experiments with a finite number of junctions. For expressing the Hamiltonian with a sparse matrix and reducing the computational cost, we expand cos(2πψ j /Φ 0 ) and consider the terms up to O(ψ j 4 ) (see the details of the numerical diagonalization in the Supplemental Material [24] ).
Since the total Hamiltonian in Eq. (1) or (7) has the parity symmetry, the expectation value of the photonic amplitude in the ground state is basically zero for finite N . The non-zero α eq is obtained only in the thermodynamic limit N → ∞. In the numerical diagonalization of the Hamiltonian, we first consider the subsystem with even numbers of bosons as in Ref. [23] , because it is not mixed with the other subsystem with odd numbers of bosons. For the obtained ground state |g with an energy E g , the expectation number of photons g|â †â |g /N per atom is plotted in Fig. 3(f) for N = 1, . . . , 5. The dashed curve shows α eq 2 /N in the thermodynamic limit. Figure 3(c) shows the zero-point energy shift δε = (E g − ω c /2)/N − ε a0 per atom, where ε a0 is the atomic zero-point energy seen in Fig. 3(b) . The transition frequency from the ground state to the first excited state in the even-number subsystem is plotted as solid curves in Fig. 3(e) . It sharply drops around L crit R0 even with N = 5 atoms and asymptotically reproduces the thermodynamic limit (dashed curve) for L R0 > L crit R0 . On the other hand, the dash-dotted curves represent the transition frequency from the ground state to the lowest state in the odd-number subsystem. They asymptotically approach the thermodynamic limit for L R0 < L crit R0
and vanish for L R0 > L crit R0 as seen also in Refs. [20, 23] . These characteristic features imply the existence of the SRPT, i.e., the parity symmetry breaking [22, 23] .
We conclude that the superconducting circuit in Fig. 1 shows the SRPT in the thermal equilibrium. It was confirmed by the semi-classical approach in the thermodynamic limit. It was also checked by calculating the number of photons, transition frequency, and zero-point energy shift in the numerical diagonalization of the Hamiltonian with a finite number of atoms. Experimentally, the transition frequency could be observed by measuring the excitation spectra, which would reveal a drastic behavior around the critical point, as seen in Fig. 3(e) , by changing L R0 , by decreasing the temperature, or by increasing the number of atoms.
SUPPLEMENTAL MATERIAL
In the main text, we explain why the SRPT occurs in our circuit by analyzing the form of the Hamiltonian, i.e., we show that the transition of the inductive energy minima corresponds to the SRPT and that the anharmonic term described byψ j is essential in our SRPT. While we consider that they are the most intuitive and general explanations, we also explain how we avoid the no-go results based on the A 2 term in Appendix A and on the P 2 term in Appendix B, where we also show that the direct qubit-qubit interaction is obtained by a unitary transformation of our Hamiltonian and corresponds to the P 2 term. The justification of the semi-classical analysis is shown in Appendix C. The derivation of the effective Hamiltonian around the equilibrium is performed in Appendix D. In Appendix E, we show the details of the numerical diagonalization of the Hamiltonian for a finite number of junctions. While the A 2 term prevents the SRPT in the atomic systems [4] [5] [6] [7] and also in the superconducting circuits with the conventional capacitive coupling [14] , it does not prevent it in our system. Here we explain how we avoid the no-go result based on the A 2 term. In our Hamiltonian, the inductive energy at L g is expanded as
The first term is the A 2 term, and the second term represents the photon-atom interaction. The third term is a part of the atomic Hamiltonian aŝ
As discussed in the main text,ψ j 2 /(2L g ) corresponds to the kinetic energyp j 2 /(2m) of charged particles. The essential difference from the minimal-coupling Hamiltonian is that our atomic Hamiltonian in Eq. (A2) has the anharmonic term E J cos(2πψ j /Φ 0 ) described byψ j as we also mention in the main text. As the result, our particle
−1 owing to the anharmonic term. Then, the atomic transition frequency
is lowered and the interaction strength
is increased, compared respectively with 1/(L g C J ) and
) obtained in the absence of the anharmonic term. In contrast, the A 2 term Nφ 2 /2L g and ω c are not modified by the anharmonic term. As a result, the interaction strength g can exceed the critical value √ ω c ω a /2 for the SRPT in our system. This is the reason why the A 2 term does not prevent our SRPT.
Appendix B: Direct junction-junction interaction and the SRPT
The absence of SRPT in the superconducting circuits with the conventional capacitive coupling was discussed in terms of the direct qubit-qubit interaction in Ref. [16] , which corresponds to the P 2 term [25, 26] in the atomic systems as we will explain later. In the same manner as the unitary transformation between the Hamiltonians with the A 2 and the P 2 terms [29, 30] , we can transform our Hamiltonian to another expression with a direct junction-junction interaction as in Ref. [16] .
By introducing a unitary operator
the fluxψ j in each junction and the chargeq in the LC resonator are transformed aŝ
Then, our Hamiltonian is transformed aŝ
Expanding the first term, we get j,j ′ρjρj ′ /(2C R ), which corresponds to the direct qubit-qubit interaction discussed in Ref. [16] . Further, sinceρ j corresponds to the positionx j of the charged particle, this term also corresponds to the P 2 term, the square of the electric polarizationP (x) = j ex j δ(x −x j ) in atomic systems as discussed in Refs. [25, 26] . In the same manner as the A 2 term, this P 2 term prevents the SRPT in atomic systems [25, 26] and also in superconducting circuits with the conventional capacitive coupling [16] .
However, since our Hamiltonian has the anharmonic term E J cos(2πψ j /Φ 0 ) described byψ j , we get again the A 2 term (and also A 4 , A 6 , . . . terms) from the last term in Eq. (B3) after the unitary transformation. As discussed in Refs. [30, 31] , the SRPT occurs in some Hamiltonians with both the A 2 and P 2 terms. While it is hard to compare Eq. (B3) with the Hamiltonians in Refs. [30, 31] due to the presence of the A 4 , A 6 , . . . terms, the SRPT occurs in our system as discussed in the main text and also in Appendix A. In this way, the anharmonic term described by ψ j is essential for our SRPT.
Appendix C: Justification of the semi-classical approach
In the semi-classical approach, we replace the trace over the photonic states by the integral over the coherent state in Eq. (11) of the main text. The justification of this replacement has been discussed in Refs. [3, 9, 18, 19] . In the early study by Wang and Hioe [3] , they noted that this replacement is justified on the following two assumptions [3] :
2. The order of the double limit in the exponential series lim N →∞ lim R→∞ R r=1 (−βĤ) r /r! can be interchanged.
The validities of these assumptions have been discussed for some atomic models including the case with a finite number of the electromagnetic modes [18] . While the first assumption seems to be satisfied since α eq / √ N (∝ φ eq ) shows a finite value after the SRPT in the thermodynamic limit N → ∞, it is hard to show whether our system satisfies the second assumption. Instead, we justify our semi-classical approach according to the discussion in Refs. [18] . The exact partition function Z(T ) = Tr[e −Ĥ/k B T ] and the approximated oneZ(T ) in Eq. (11) of the main text show the following relation [18] 
Here, we generally consider M photonic modes with frequencies {ω k }, while our system has only M = 1 mode with ω c . The free energy per atom is
Then, if the number M of photonic modes is finite (lim N →∞ M k=1 ω k /N = 0), and the free energy −(k B T /N ) lnZ(T ) per atom is also a finite value, Z(T ) is well approximated byZ(T ) in the thermodynamic limit. In our case, we numerically checked that the free energy per atom −(k B T /N ) lnZ(T ) converges to a finite value with increasing the number of atomic levels considered in the calculation. Thus, the replacement performed in Eq. (11) 
Further, we use (1/L R0 + 1/L g )φ eq − ψ eq /L g = 0 obtained from Eq. (13) at zero temperature and
Appendix E: Numerical diagonalization of Hamiltonian for a finite number of junctions For expressing the Hamiltonian with a sparse matrix and reducing the computational cost, the atomic Hamiltonian in Eq. (8) of the main text is approximated aŝ
Each atom is represented in the Fock basis up to 24 bosons, which is large enough since the expectation number of bosons is at most 3.25 under the parameters in Fig. 3 of the main text. The influence of this approximation (truncating higher Taylor series) was checked numerically. We found at most 1.5% difference between the lowest eight transition frequencies obtained for the original atomic Hamiltonian in Eq. (8) of the main text and for the approximated one in Eq. (E1). The parameters used in this study are chosen basically for the computational convenience, and we can choose other values without changing our results qualitatively. We find that C J = 24 fF, L J = 0.75 nH (E J /h = 218 GHz), and L g = 0.6L J suppress sufficiently the expectation number of bosons in each atom and also the influence of the truncation performed in Eq. (E1). These values are realized by a Josephson junction with an area of around S = 0.4 µm 2 and a relatively large inductance structure for L g . They were searched numerically under the restrictions that each atom is made by a Josephson junction and three inductances L J , L g , and L crit R0 are in the same order, by which the drop of the transition frequency is sharpened even for N = 5 as seen in Fig. 3(e) of the main text. In order to suppress the expectation number of photons, we need to consider ω c ≫ ω a . For this reason, we set C R0 = 2 fF, while our results are not changed qualitatively even if C R0 has a different magnitude.
In the numerical diagonalization of the Hamiltonian for the finite number of atoms under the truncation in Eq. (E1), the maximum number of bosons is restricted to 48 in the whole system (and maximally 24 bosons in each mode) in both calculations for the even-number and odd-number subsystems. We numerically checked that the results converge sufficiently by this Fock basis.
We also calculated the transition frequencies for N = 1 and 2 without the truncation (but the maximum number of bosons is only 16 in each mode due to the computational restriction). Note that the transition frequency from the ground state to the first excited state in the even-number subsystem [solid curves in Fig. 3(e) of the main text] clearly drops around the critical point even without the truncation. The difference between lowest values of the transition frequencies with and without the truncation is 6.0 % for N = 1 and 4.2 % for N = 2, and the difference between the optimal L R0 (giving the lowest transition frequencies) with and without the truncation is 4.5 % for both N = 1 and 2. In this way, the influence of the truncation on the lowest transition frequencies is suppressed at least by increasing N from 1 to 2.
